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9.1 Consider a consumer living for two periods (t = 0, 1). He derives utility U
from consuming a composite good (c). The initial endowment of the good is
w. The consumer can borrow and lend intertemporally at an interest rate r.
Suppose the utility function is separable and stationary, so that U(co,c1) =
Ul(cop) + BU(¢q1) where (3 stands for the discount rate. Find the optimal
consumption across both periods.

Solution:

e Lagrangean approach:
The problem to solve is

max U(cp) + fU(c1) st. cp = (1 +7)(w — o)

€0,C1

The Lagrangian function is

L(cg,c1) =U(cg) + BU(c1) — AMer — (L +7)(w — p))

and the FOCs
oL ,
— — A1 = 1
Beg Uc0 AM1+7)=0 (D)
oL
—=U"=-X=0 2
801 é ( )

Solving the system of FOC we obtain
Usy = B(L+ 1)U, 3)

Meaning that the optimal distribution of consumption is achieved when
marginal utility of consumption today equals the marginal utility of the
consumption foregone today (i.e. marginal cost of consumption today).
This is given the interest rate foregone (1 + r) and discounted at the
rate 3.



Alternatively, we can write the optimality condition as

/
€0

pUL,
That is, the intertemporal marginal rate of substitution measured at
t = 0 equals the rate at which savings today can be transformed into
consumption tomorrow (marginal rate of transformation)
Finally, if U(-) is concave, then ¢y > ¢; < f(1+7) <1

=1+r

e Dynamic programming approach
The problem to solve is

1
maxz BU(ct), st ¢ = (1+7)(w—c)
O

— At t = 1, the value function is
v1(w) = ng{U(cl)\cl <(14+7r)(w—co)}

This is a static optimization problem, increasing in c;. Therefore,
& =104+7r)(w—cp)and vi(w) =U((1 4+ r)(w — ¢p))
— At t = 0, the value function is

vo(co) = max Ul(co)+pv1(w) = max U(co)+BU((1+7)(w—co))

The FOC is

oU |, 0U dey

= i — ! / 1 — 4
5o TP qe =Vl —AULOE =0 @

Note that optimality condition (4) coincides with (3).

9.2 Consider the consumer of problem 9.1, but now he lives for 7" periods. Let
¢; denote the consumption in period ¢ and w, the wealth (measured in units
of the composite good) at the beginning of period ¢. Solve for the optimal
consumption plan.

Solution: The level of wealth in each period ¢ is
w1 = (1 + T)(w() — C())
wyo = (1 + T)(wl - Cl)

wy = (14 r)(wi—1 — ¢—1)

wr = (1 + T)(wT,1 — CT,1)



The problem to solve is

T-1
max Z BU(c) sitc wy = (14+7)(wi—1 — ci—1)
t=0

The Lagrangean function is

T-1 T
L=Y p"U(c) =Y Mws — (1 +7)(we1 — ¢1-1)]
t=0 t=1

To ease the derivation of the FOCs it is convenient to express the Lagrangean
distinguishing the first, the intermediate, and the last period:

T-1 T
L=> p'Ulct) =Y Aewe — (1+7) (w1 — ;1))
t=0 t=1
T-1 T T
=Y BU(e) = > Mwi+ > (14 7)(wimy — cp-1)]
t=0 t=1 t=1
T-1 T T-1
= BtU(Ct) — )\twt + Z )‘H-l(]- + r)(wt — Ct)]
t=0 t=1 t=0
T-1 T-1
=Ulco) + Y B'U(er) = Apwr — > My
t=1 t=1
T-1
+ AL+ ) (wo — co) + Y Apr(1+7)(we — 1)
t=1

= U(co) + M (1+7)(wp — co) — Apwr
+ Tz_l (B'U(e0) = A+ A (1 +7)(w — 1))
o U (co) + M (1 + ) (wo — co) — Agwr
+ jzll (B'U(er) = M (1 + 1)er + wruga (1+7) = M)

The system of FOCs is

oL _

%—UCO—A1(1+T)—O ®)

OL i

372&UCt—)\t+1(1—|-r):0,(t:1,...,T—1) (6)
t

oL

G =M (L) =X =0, (=1, T 1) )

OL 5 —o ®)
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9.3

Note that the last condition, A7 = 0, means that optimally at the end of
period T all the initial endowment has to be exhausted, otherwise it is wasted.

From (6) and (7) it follows that
BUL =N, (t=1,...,T—1)

or,
UL =Ny )

Ct+1

Substituting (9) into (6) we obtain
BUL, = B0, (1 +7)
and dividing by /3! the optimal consumtion path is the solution of

U, = B(1+1)U; (10)

Ct41

Interestingly enough, note that optimality condition (10) coincides with (3)
the optimality condition for the 2-period problem. Thus, the length of the
(finite) time horizon is irrelevant for the design of the optimal consumption
path. Consumption has to be allocated so that marginal utility of consump-
tion today equals the marginal utility of the consumption foregone today.

Consider a company that has a license to exploit a mine for the next three
years. The license will not be renewed. The mine contains 128 tons of ore
remaining. The price is fixed at 1€ per ton. The cost of extraction is ¢2/z;
where ¢; is the rate of extraction and z; is the stock of ore. For simplicity,
ignore discounting. Determine the optimal (profit maximizing) extraction
plan.

Solution:
Dynamic programming approach

Profits in a period ¢ are

Tip1 =X —q, £ =0,1,2

e Observe that by assumption, at ¢ = 3 the license is exhausted, so that

vz(x3) = 0. Also, .
’U3($3) = Q3 (1 — ;Z)

so that g3 = x3



e Then, at ¢t = 2, the Bellman equation is

va(z2) = max {q(l - q—Q) + ’U3(.’E3):| = max qo <1 — q—2>
q2 X9 q2 x2

This gives as solution g2 = x2/2. Therefore,

T2 1 )l’g T2
2 4

va(x2) = (1 - —=—

21‘2

e Att =1, the Bellman equation is

vi(er) = maxe [ (1= L)+ va(an)| =

1
max {ql (1 - q—1> + 7:102} =
q1 T 4
T

max [fh(l — ;1) + i(l‘l — Q1)]

q1

that has as solution ¢} = %xl, so that

o= () =32 + 4 ) -

e Finally, at ¢ = 0 the Bellman equation is

o) =1~ 2) o]

max [qo (1 — —O) + §(ﬂco - qo)]

yielding as solution ¢; = f%xo. Given the initial condition z¢y = 128

it follows that g5 = 39
Using the transition equation, we can compute

3
11 =2y —qo =128~ 39 =89 and ¢ = (3)89 = 33.375

1
ry=w1 — 1 =89~ 33375 = 55.625 and 5 = (;)55.625 = 27.8125
T3 =19 — gz = 55.625 — 27.8125 = 27.8125 and ¢} = 23



Optimal control approach
The Lagrangian function is

L(gq,x,\) = i[(l - %)Qt — Ag1(Tigr — ¢ + Qt)} +x3 =

~+

=0
2 " 2
=> [(1 ;)Qt + A1 (@ — qr) ] = Npamipr +as =

=0 =0
2 q
= Z[(l— xi) qt + M1 (T — @) } Z)\txt+x3
=0
2 q
= Z[(l - ;t)% + Mey1(ze — @) — )\txt} — A323 + 23 =
t=0 t

= 22: [(1 — %)Qt + A1z — ) — /\txt} +a3(1 = A3)

t=0
The FOCs are,
oL
—1-2% _\,.1=0,1t=0,1,2
gy Tt
oL 2
o= (2) A=A =0, 1 =1,2
6$t Tt

Tt4+1 = Tt — (qt, t:0a1a2

A3 = 0, (shadow price of remaining ore)
Let z; = % so that the FOCs can be rewritten as

Zt+)\t+1*1:0, t:0,1,2

1
*ZtZ + At-i—l — At :O, t= 1,2

4
A3 =0

Then, zo =1 — Az or 2z = 1, so that ¢5 =

Also, Ao = A3 + %, so that Ay =

Then, z1 =1 —Xgorz; = %, so that ¢ = %xl.

Also, \ =1 4+1(3)2=2
s0, At =7+ 3(%) 16

Then, zo =1 — )\ = 64, so that g = 39 (recall zg = 128)

1
§.T2.



Finally,
x1 =z —qp = 128 —39 =89

3
Thus, f = £(89) = 33.375

> (89)

3
xe =1 —¢] =89 — —(89) = 3

8
. 15
us, go = —— = 27.
Thus, g5 = 5 £(89) = 27.8125
5 5

2 (89) — 5(89)2 =

33321‘2—%:8 3~ 16

)
Thus, ¢5 = 23 = 1—(89)

6

Bringing the Hamiltonian in
Define the Hamiltonian as

Hi(q,z,\) = (1 - %)Qt + A1 (2 — qr)

The Lagrangian is thus,

2
L(gq,z,\) Z[Ht q,x,\) /\txt] + 23(1 — A3)

t=0

FOC:s:
oL 0H
7:7t:1—2ﬂ—)\t+1207t:0,1,2
Oqy Oq Iy
8.[/ 8_Ht qt 2
7:7_)\:(7> M1 — A =0,t=1,2
oz, Bz, " 2 + At+1 t

Tip1 =T —q, £ =0,1,2

A3 = 0, (shadow price of remaining ore)

as before.

e Summarizing the optimal policy is

Tt qt
128 39
89 33.375

55.625 27.8125
27.8125 27.8125

W =] O] =+




9.4 Consider the following optimal growth model a la Stokey-Lucas. There is an
economy producing a composite good y with two inputs, labor /, and capital
k by means of a technology described by a production function

ye = f(ke, lt), (11)
where k; denotes the stock of capital and /; the labor force available at the
beginning of the period. Time horizon is finite t = 0,...T.

Output y; is either devoted to consumption c¢; or to investment ¢;. That is
Y=+
Capital depreciates at a constant rate § so that the stock of capital available
at the beginning of ¢ 4+ 1 is

kty1 = (1 - (5)kt + 2. (12)

Suppose labor supply is constant along time, so that [; = 1, V¢.

The total supply of goods at the end of a period is given by the production
of the current period plus the stock capital at the beginning of the period:
F(kt) = f(k‘t, 1) + (1 — (S)kt, so that

F(ky) = ci +i¢ = cp + ke (13)
where we have used (11) and (12). We can read (13) as
ct = F(ky) — ki (14)

showing that there is a trade-off between current consumption and future
output.

Consumption c; yields satisfaction captured by a (concave) utility function
u(c;). Future utility is discounted at a rate 3 per period.

Find the Euler equation characterizing the optimal trade-off between con-
sumption and investment in each period to maximize total discounted utility.

Solution: The problem to be solved is
T-1
max > Bule) + BTo(kr) st ki = F(k) — ¢ (15)
t=0

where v(k7) denotes the liquidation value of the remaining capital at 7.

Bellman’s equation is
ve(kt) = HIC?X{U(Ct) + Bui1(ker1)} = I@?X{U(Ct) + Bupr1 (F (k) — i)}

The FOC is,
w'(cr) — By (F(ke) —¢i) =0 (16)



Note that mutatis mutandis it follows that,

Vi1 (keg1) = Igif{u((im) + Bupro(F (k1) — ciy1)} (17)

Its FOC is
u'(crr1) — Bopyo(F(key1) — cer1) =0 (18)
Applying the envelope theorem to (17), we obtain
Vi1 (Fey1) = Boppo(F(ker1) — con) F' (krga) (19)
Substituting (18) in (19) gives
Vi1 (k1) = ' (ce) F (K1) (20)
and substituting (20) in (16) we obtain the Euler equation:
' (cri1) — Bu'(c1) ' (ket1) = 0 21)

characterizing the optimal consumption path.

We could have obtained (21) using the Lagrangean approach. The Lagrangean
function is

S

T

Lie,k,A) = Y Buler) + B o(kr) =Y B M (ke — (F(ke) = 1)

t t=0

Il
=)

To ease the derivation of the FOCs, let’s separate the first, last and interme-
diate periods, so that,

— T-1 T-1

(c,k,\) Z u(e)+> BTN (F (k) —e) =Y B N ik +87v(kr)

t=0 t=0 t=0
—1 T—1 T
Bu(cr) + Y B N1 (Fke) — er) = > B Nk + B v(kr)
t=0

t=1

S

t

I
=)

T-1

T-1
=u(co) + Y Brulce) + BAF (ko) — o) + > BT N1 (F(ke) — 1)
t=1

t=1

T-1
— BT Arkr = > BNk + BTv(kr)

t=1
—M@+MW%%m%ﬂUMM%T()

T-1 -1
+ ) Bule) + Y BT N (F k) — i) Z B Ak
=1 =1

= u(co) + BMF (ko) — co) — B Arky + BT v( kr)
T—1

+> g [U(Ct) + BA1 (F (k) — ) — Atkt]

t=1



9.5

The system of FOCs is

u'(cr) =By, (22)
At =B 1 F' (ke), (23)
ki1 =F (ki) — ¢ (24)
Ar =v'(kr) (25)

In period ¢t 4+ 1 FOCs (30) and (32) read

u'(ci1) =BAiga, (26)
A1 =BAi2F (kig1), (27)

From (35) and (36) it follows that

Apy1 = U/(Ct+1F/(kt+1) (28)

and substituting (37) in (30) we obtain

u'(ct) = Bu' (cry1) F' (kiyr) (29)
This is the same Euler equation obtained before in (21).

Consider an agent that lives for three periods and maximizes a utility func-
tion of the form
Vi=U; 4+ aUs + U3

where utility in period ¢ is a function of current and future consumption. In
particular,

U1 (Cl, C2, 03) = 111(616203)
UQ(CQ, 63) == 111(6203)
Us(cg) = 1In

C3

The budget constraints are A;11 = A; —c; where A is wealth and we assume
Ay is given and Ay = 0.

(i) Compute the optimal consumption plan from the perspective of pe-
riod 1, ¢! = (cl, e, cd)

(i) Consider what happens as the agent begins to implement the consump-
tion plan. Att = 1 consumes c%, obtains utility U; and has wealth
As = A; — cl. Then, the problem is to maximize utility over the

remaining two periods:
max Vo = als + U3

subject to Aa = co + ¢3. Compute the new optimal consumption plan.
Compare it with the one obtained in (i).

10



Solution

®

(i)

The objective function from the perspective of period 1 can be written
as
Vi=lner+(1+a)lnce+ (1+a+p)Ines (30)

The budget constraints can be summarized as Ay = ¢; + ¢ + ¢3, or
C3:A1—C1—C2. (31)
Substituting it in (30) the problem of the consumer at time ¢t = 1 is

max Vi(c1,c2) =lner+(14+a)lneca+ (14+a+ ) In(A; — 1 —c2)

C1,C2

(32)
The FOCs are
19)%] 1 -1
Ocy cl+( +a+B)A1—Cl—C2 G
oy 1 -1
— =1 — 1 — =0 34
o= (It =+ (Itatf——=0 (b
From (33)and (34) we obtain,
1 1
— -1 il
C1 ( + Ol) ()
or
co=(14+a)a (35)
Substituting (35) in (33) we obtain
A
1 1
= 36
T3 9015 (36)
Substituting (36) in (35) we obtain
= — 37
2T 31 20+4 7
Finally, substituting (36) and (37) in (31) we obtain
1 A

3+2a+ 8

Suppose that our individual has already consumed c} int = 1 and faces
the problem of (re)-computing the optimal consumption path from the
perspective of ¢ = 2. His wealth left is

(2 + 2+ /B)Al

do=Mi—c =" =

(39)

11



and his problem is

maXVQ(CQ,Cg) =alUs; + BUs s.t. Ay =co+c3

€2,C3

Following a parallel reasoning as before, the consumer solves

max Va(c2) = alney + (o + () In(Ag — c2) (40)
Cc2
The FOC is . L5
/ _ 1+ o _
Valea) = acz Az — o 0
Accosrdingly,
= 41
2= 3ut 3 (41)
Substituting (39) into (41) we obtain
2__ Q@ (24 2a+ B)A;
27 2+8 3+2a+p
Next, multiplying and dividing by (1 + ) we can rewrite c3 as
2 al2+2a+p5) (1+a)A
27 2a+B)(1+a)3+2a+p
and substituting (36) we finally obtain
242

2a+B)(1+a)”

Since % < 1, we conclude that 3 < cb. Namely, the revised
consumption plan for period 2 is lower than the original consumption
plan for period 2. In other words, the principle of optimality does not

hold. In other words, the consumption plan is not time consistent.
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