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III.1 Economic Dynamics - Differential equations

f 9 Barcelona
M JXE“{:L llnl\?ﬂln’l’ul)Bmma S ) Scrcoot
o o OPT - p.1/89



Economic dynamics - Motivation

® Economic phenomena develop along a time dimension.

® Static analysis simplifies the analysis and provides “correct”
intuitions on the properties of equilibrium...

® ... but can not assess
s (i)
» (i) alternative policies to reach the desired equilibrium
» (i) the social welfare consequences of the different paths
» ... elc, efc.

® This is the realm of the economic dynamics.
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Economic dynamics - Definitions

® Def.[Dynamic system]: A system is called dynamic if its
behavior along time is determined by
containing variables representing different moments in time.

® Def.[Functional equation]: A functional equation is a function

iIn which the unknown is an equation.

» An example of a functional equation is y'(z) — y(z) = 0.
The solution to this functional equation is y(x) = Ae”,
because y'(z) = Ae® and the equation is satisfied Vz.
When x represent time, we will denote it by ¢.

» Note that we are looking for a function verifying
' (2) = y(x). Also, remember that y(x f ' ( Thus
we are looking for a function sat|sfy|ng Y ( f Y (
the solution of a differential equation is an mtegral

® Def.[Differential equation]: A differential equation is a
functional equation containing derivatives of the unknown.
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Economic dynamics - Definitions (2)

® Def.[Ordinary differential equation]: An ordinary differential
equation (ODE) is a differential equation containing a function
of one independent variable and its derivatives.

® Def.[Partial differential equation]: A partial differentiable
equation (PDE) is a differential equation that contains
unknown multivariable functions and their partial derivatives.

® Def.[Order of a differential equation]: The order of a
differential equation is given by the highest order derivative

defining it.
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ODE vs PDE

ODE
#® Consider a function y = y(x)

® General formulation of an ODE:
F(x,y(x),y (x),...,y"(x)) =0
® Unknown: y(x)

4 2
® example: 37{{ % +y? = cosx

® Consider a function y = y(x,t, u)
® General formulation of a PDE:

F(y 9y 9y 9y 0%y 0%y 0%y oty 0"y 0"y
(y’aaz’@t’@u’axQ’8t278u2""7a:”’ ACER N VAL
® Unknown: y(x,t,u)

.9 2y | &*
® example: 3 = 52 + 55 —y

xr,t,u) =0

Markets, Oganizatons
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Economic dynamics - Definitions (3)

® Def.[Solution of a differential equation]: The solution of a
differentiable function is a function verifying the equation.

» Usually, a differential equation admits as solution an
infinite family of solutions characterized by the values of
some parameters. This family of functions is called the
general solution of the differential equation.

» The constants identifying the different elements of this
family of solutions are called constants of integration.

» Each element of the general solution is called

# The most common differential equation used in economic
dynamics are the so-called Constant-Coefficient Linear
Ordinary Differential Equations
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Two simple examples

Example 1: Solve the differential equation ¢'(t) = a, a € R.

® Its general solution is a function y(t) verifying 3/(t) = a, Vt.
y(t)= [y (t) = [adt=at+C, C €R

#® This is the general solution. Each value of C' constitutes a
particular solution of the differential equation.

Example 2: Solve the differential equation y"(t) = a, a € R.
® Integrating two successive times we obtain

y’(t):/adt:at+b, be R
1
y(t) = /(at + b)dt = §at2 +bt+c, (b,e)eR

#® This is the general solution. Each value of (b, ¢) constitutes a
particular solution of the differential equation.
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General formulation

®» The general Constant-Coefficient Linear Ordinary Differential
Equation (that we will refer to as differential equation) is

aoy™ (t) + ary" D (t) + -+ an 1/ (t) + any(t) = g(t) [a]
where

s yM(@),y™=(¢),... represent the derivatives of order
n,n—1,... of y(t);
» aj;, 7=0,1,2,...n are given real constants
» ¢(t) is a known function.
#® Note that this differential equation is linear, its only
iIndependent variable is ¢, and its coefficients are constant.

Accordingly it describes a Constant-Coefficient Linear
Ordinary Differential Equation.

® Equation |a] is called the

#® |ts corresponding homogeneous equation is given by
aoy"™ () + a1y V() 4+ -+ an 1)) + any(t) =0 [F]
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Solving a differential equation - Three theorems

Theorem 1:

® Lety(t) be asolution of [3].
Then, Ay, (t) where A is an arbitrary constant, is also a
solution of [3].

Theorem 2:
® Lety(t) and yo(t) be two (linearly independent) solutions of

5],
Then, Ay (t) + Aayo(t) is also a solution of [3] for any
arbitrary constants A, As.

Theorem 3:

® Llet f(t; A, As, ..., A,) be the general solution of |3] where
A;,j =1,...n are arbitrary constants. Let y(¢) be a particular
solution of |a].
Then, y(t) + f(t; A1, Aa, ..., Ay,) is the general solution of |a].
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Solving a differential equation - Remarks

® Proofs are left as exercises

#® The particular solution () will depend ceteris paribus of the
functional form of g(t)

® Thus, a (general) two-step procedure to identify the solution is
proposed
1. propose 3(t) with the same functional form as ¢(t) with
undetermined coefficients.
2. substitute that function in the non-homogeneous equation
and determine the coefficients allowing for satisfying the
differential equation.
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First-order differential equations

The differential equation

® The general formulation is agy/(t) + a1y(t) = g(t), ap #0
Case1:a; =0

® The equation reduces to agy/(t) = g(t)

® Thus, y'(t) = a—log(t)

® andy(t) = [y'(t) = [(5-9(t)dt = ;- [g(t)dt +C
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First-order differential equations (2)

Case 2: a1 #0
1.

A

o

o &

6. Taking antilogs y"(t) = e "+tC¢ = ¢Ce bt = AV

Consider the corresponding
aoy'(t) + a1y(t) =0
Rewrite it as ¢/(t) + by(t) = 0 with b = a1 /ag

(¢
yt)):_b

Recall that y((t? _ dlogty(t)

Equivalently,

Integrating on both sides,

o f(dlogy ) = log y(t)
® [—bdt=-bt+C
® Thus, logy(t) = —bt +C

MOVEQ UHB Baroelona
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First-order differential equations (3)

Case 2: a1 # 0 (cont’d)
® ' (t) = Ae " is the

® To determine the value of A we need an additional condition.
For example the value of the function at the initial period
(t = 0). Denote it as y(0) = yo. Then A = yj.

#® The behavior of y(¢) depends on the sign of A and b:
s Ifb < 0then —b > 0 and e~% increases monotonically in .
o Therefore, If A > 0, then Ae % — +0¢
o whileif A <0, then Ade % — —¢

s Ifb> 0then —b < 0 and e~* decreases monotonically in
t.

o Therefore, Ae= % — 0

® see figure.
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First-order differential equations (4)

y(t) A y(t) 4
A>0 A>0
b>0 b<0
> P
¢ t
A<O A<O
b>0 b<0
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First-order differential equations (5)

Case 2: a1 # 0 (cont’d)

1. Find a particular solution for the
apy' (t) + a1y(t) = g(t)
2. Case (i): g(¢) is a constant function: g(t) = a, a € R
® The non-homogeneous equation is now
apy'(t) + a1y(t) = a 0]
® As described before, try a particular solution with the
structure of ¢g(¢). Thus,

yit)=p, peR [
® Substituting [¢] into [6] we have 0 + a1u = a
so that u = a/a; and y(t) = a/a;.
# Solution of the equation: y(t) = Ae™" 4 &
Remark: If a; = 0, take (t) = ut and substitute as before.
Then, app = a, = a/ag,y(t) = at/ag and
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First-order differential equations (6)

Case 2i: Example
® Solve y/(t) +2y(t) =8
® Solve the homogeneous equation: 3/(t) + 2y(t) =0

s y(t)/y(t) = —2 — [HEBUD = [ 94t — logy(t) =
—2t+C

s taking antilogs, ¢ (t) = e 2+C¢ = eCe™2t = A=

® Find a particular solution of the non-homogeneous equation
s Lety(t)=p
» Substituting, 2u =8 — u =4 so that y(t) = 4

# Solution of the differential equation: y(t) = Ae™%' + 4

°

Note trajectory of y(t) — 0 VA
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First-order differential equations (7)

Case 2: a1 # 0 (cont'd)
3. Case (ii): g(t) is exponential: g(t) = Be®t, (B,s) € R
® The non-homogeneous equation is now
aoy’ (t) + a1y(t) = Be® 0]
® Try a particular solution 7(t) = Ce®!, C € R €]
® Substituting [¢'] into [¢’] we have
apsCe’t + a1Ce’t = Be®t or e (C’(aos +ay) — B) =0

® This expression will be verified Vit iff
(C(aos +ay) — B) =0orC =

 thus, 7(t) = B

aos—i—a ) aoS+aq

# Solution of the differential equation: y(t) = Ae 2! + B¢~

aoS+aq
Remark: If ags + a1 = 0 take 7(¢) = tCe® so that
C = B/ag,j(t) = B and y(t) = Ae % + —tift
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First-order differential equations (8)

Case 2ii: Example
® Solve y/(t) + 2y(t) = 3e3

® Solve the homogeneous equation: 3/(t) + 2y(t) =0

o () y(t) = —2— [HL8s) — [ _ogi 5 logy(t) =
—2t+C

s taking antilogs, 3 (t) = e 2tC¢ = e¥e 72t = A=
® Find a particular solution of the non-homogeneous equation
s Lety(t) = Ce?
P Substituting, 3Ce3t + 203
@(t) — 10 e’
® Solution of the differential equation: y(t) = Ae=% + e

se3t so that C' = 55 and
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First-order differential equations (9)

Case 2: a; # 0 (cont'd)

4. Case (iii): g(t) is polynomial (illustration for degree 1):
g(t) = co + ca1t, (co,c1) € R
® The non-homogeneous equation is now
apy'(t) + a1y(t) = co + cit 0"
® Try a particular solution 5(t) = o + St [e”]
® Substituting [¢”] into [0”] we have
apf + a1(a+ Bt) = co + cit or
(18 —c1)t + agB + ara —cop =0
® This expression will be verified Vt iff a6 — ¢; = 0 and
apf + a1 — cg = 0. That IS iff
o = alcoa % gnd 6 .

1 1

® Solution of the differential equation:
y(t) = Ae 2 4 (meazma 4 fo)

CL ai
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First-order differential equations (10)

Case 2iii: Example
® Solve y'(t) +2y(t) =1—4t
® Solve the homogeneous equation: 3/(t) + 2y(t) =0

s y(0)/y(t) = =2 — [ TELL = [ —2dt = logy(t) =
—2t+ C
s taking antilogs, ¢ (t) = e 2+C¢ = eCe™2t = A=
® Find a particular solution of the non-homogeneous equation
s Lety(t)=a+ 5t
» Substituting, 6 + 2(a + ft) = 1 — 4t so that
a=3/2, B=-2 7(t)=2—2t

® Solution of the differential equation: y(t) = Ae 2! + 3 — 2t
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First-order differential equations (11)

Case 2: a1 # 0 (cont’d)
5. Case (iv): g(t) is trigonometric:

g(t)

9

9
9

— Bjcoswt + Bysinwt, B1,By,w € R

The non-homogeneous equation is now

apy’ (t) + a1y(t) = By cos wt + Bs sin wt (6]

Try a particular solution 7(t) = a coswt + (8 sin wt €]
Substituting [¢"] into [6"'] we have

cos wt(apfw + a1 — By) 4 sinwt(a1 8 — agaw — By) = 0
This expression will be verified Vt iff o = @B —wbz gnd

2 2
ajtagw

/6 _ a1 B2—|—a0w31

T aftaiw?

Solution of the differential equation:
y(t) = Ae ! + (alB;_%OwBQ) cos wt + (alB§+‘§0wBl) sin wt

Ttaiw? ai+aiw?

Remark If a? + a3w?* = 0 take (t) = at coswt + St sin wt

OPT - p.21/89



First-order differential equations (12)

Case 2iv: Example
® Solve y/(t) +2y(t) = 3sin 2t — 2 cos 2t
® Solve the homogeneous equation: v/'(t) + 2y(t) = 0

y'(0)/y(t) = =2 — [ TEM — [ —2dt — logy(t) =
—21 4 C

s taking antilogs, y"(t) = e 721TC = eCe2t = Ae™2
® Find a particular solution of the non-homogeneous equation
o Lety(t) = asin2t + [ cos 2t
» Substituting, cos 2t(2a + 25 + 2) +sin2¢t(2a — 26— 3) =0
so that o = —i, B = —%, y(t) = —istt g S cos 2t

® Solution of the differential equation:

y(t) = Ae ' — 1 sin2t — 2 cos 2t

MOVE' URB PS8
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First-order differential equations (13)

9

°

© oo o o @

The four specifications of g(¢) cover most economic
applications.

The general solution of the differential equation is
y(t) = Ae? 4+ 7(t) (recall Theorem 3).

What is left is to determine the value of A.
We need an additional condition. Let it be y(t) = 3, for t = t.

Then, § = Ae " + 5(i) or

A= e Mg —y(@)]

Often in economic applications we take the value of y at ¢t = 0.
Let y(0) = yo. Then, A = yo — 7.
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First-order differential equations (14)

Interpretation of the solution in economic applications

1. General solution: y(t) = (yo — T )e % + 7(t)
2. y(t) is the equilibrium value of y:
® if y(t) is constant — stationary equilibrium
® if y(t) is a function of ¢ — dynamic equilibrium

3. (yo—7o)e % = y(t) —7(t) represent the evolution along time of
the value of y from ¢ = 0 until reaching the equilibrium value.
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Stability of the perfectly competitive equilibrium

Set
9

9

9

_up

Market equilibrium as interaction of demand and supply

Initial state: market in equilibrium; then a shock — away from
equilibrium

Question 1: will the forces acting on demand and supply drive
the market back to an equilibrium?

Question 2: If so, will it be the previous equilibrium? (stability)

Two concepts of stability

- . tells us whether market forces will recover
the equilibrium; but not the path the market will follow until
recovering the equilibrium;

o Dynamic stability describes the path from the initial
out-of-equilibrium situation towards the equilibrium.

uuuuuuuuuuuuuuuuu
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Static Stability

Behavioral assumption

o . price tends to increase (decrease) under
excess demand (supply): 2222 = (p) _ dlD (pc)l;S )l - .

® marshallian behavior: quantity tends to 1 (J) under excess

: . dEpD(q) __ dlpp(9)—ps(q)]
price-demand (supply): —d = = i =21 < 0.
Walrasian behavior Marshallian behavior
pA (excess demand) p (excess price-demand)
5 polq) pp(q) — ps(q)
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Dynamic Stability

Walrasian behavioral assumption

9

9

°

Assume the price of a market evolves with time, p = p(t) with
p(0) = po.

Assume price is the only variable adjusting over time. At each
iInstant demand and supply adjust immediately their values
according to the information provided by the price (i.e. only
price adjusts in time, not quantities).

Let £D(p) denote the excess demand function at a price p

Assume dp* s.t. ED(p*) = 0, so that p* is the market
equilibrium price.

Question: how price evolves in time when deviates from p*?
Assume thatat¢t =0, ED(pg) # 0.
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Dynamic Stability (2)

Walrasian behavioral assumption (cont’d)

® Assume the greater the excess demand, the greater will be
the change of price.

® Formally, the price adjustment process is modeled with a
differential equation p'(t) = f(ED(p(t))) with f(0) = 0 and
f'>o0.

® The stability result depends on the particular properties of the
demand and supply functions. To illustrate, assume,

D(p(t)) =a+ bp
S(p(t)) =a1 + bip, so that
ED(p(t)) =(a —a1) + (b —b1)p(1)

Then, p* = 3= > 0 (by assumption)
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Dynamic Stability - Walrasian behavior

The differential equation

® Assume the differential equation describing the evolution of
the price is linear, i.e. p'(t) = cED(p(t)). As cis a constant it
does not have any impact on the stability analysis, so that we
take ¢ =1 and

p'(t) = (a—a1)+ (b—=b1)p(t) = p* (b1 — b) 4 (b—by)p(t). Hence,

® This is a first-order linear differential equation.

® Write it as

p'(t) = (b—=b1)p(t) = —(b—b1)p*
so that ¢g(t) = —(b — b1)p* is a constant function.
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Dynamic Stability - Walrasian behavior (2)

Solving the differential equation

9

General solution of the homogeneous equation

p'(t) — (b—b1)p(t) = 0is given by p/'(t) = Aelb=b1)
Particular solution of the non-homogeneous equation

p'(t) — (b—b1)p(t) = —(b—b1)p* is given by p(t) = p*
General solution of the non-homogeneous equation is thus
p(t) = Ae=0" + p*

The equilibrium will be stable if as t — oo, then p(t) — p*.

Equivalently, stability requires Ae(®=01)t — 0. In turn, this
condition will hold whenever (b — b1) < 0.

Remark: Note that b = dD( ) and b1 dflé) If demand is
downward sloping (b < O) and supply is upward sloping
(b1 > 0), it follows that (b — b1) < 0 and the equilibrium will
alwa S be stable.
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Second-order differential equations

The differential equation

® The general formulation is

aoy” (t) + ary'(¢) + agy(t) = g(¢), ao #0

The homogeneous equation

9

9

9

The associated homogeneous equation is:
apy” (t) + a1y’ (t) + asy(t) =0

Re-write it as
y"(t) + biy/(t) + bay(t) = 0, where by = a1 /ag and bz = az/ag

To solve the homogeneous equation, we follow an analogous
argument as in the 1st-order differential equations.

Thus, we conjecture that the solution will be of the type
y"(t) = e where )\ is a constant to be determined.

Accordingly, 3/ (t) = Xe* and 3" (t) = \2eM.

uuuuuuuuuuuuuuuuu
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Second-order differential equations (2)

The homogeneous equation (cont'd)

® Substituting, the homogeneous equation reads now,

AZeAt 4 bl)\eM -+ bzekt =0or
(A2 4 by + by) = 0

Solving the homogeneous equation

9

9

9

The proposed solution y(t) = e, Vt requires that it will also
solve the homogeneous equation.

Accordingly, it must be the case that A2 + by \ + by = 0
The values of ) satisfying this equation are

(A As) = 5 (=b1 & /BT — b )

The solution of the homogeneous equation depends on the
properties of these roots.

Let A = b7 — 4b,. Three cases: A = 0.

uuuuuuuuuuuuuuuuu

nnnnnn

SEE OPT - p.32/89



Second-order differential equations (3)

Solving the homogeneous equation. Case 1: A > 0

® In this case we have two real roots. Thus, both e?f and e*2!
satisfy v (¢t) + b1y/(t) + bay(t) = 0

® Accordingly, the general solution of the homogeneous
equation is
y"(t) = AreMt + Aye??t where Ay, A, are arbitrary constants.

#® The evolution of y(t) as t — oo is monotonic. The stability of
the solution depends on the sign of the roots.

® TJo assess the sign of the roots we appeal to

Let P(x) be a polynomial with real coefficients and terms in descending powers of x.
(a) The number of positive real zeros of P(x) is smaller than or equal to the number
of variations in sign occurring in the coefficients of P(x). (b) The number of negative
real zeros of P(x) is smaller than or equal to the number of continuations in sign
occurring in the coefficients of P(x).
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Second-order differential equations (4)

Solving the homogeneous equation. Case 1: A > 0 (cont'd)

#® Recall the quadratic equation we are studying is
22 + b1 A +by =0

o |f , there are two continuations of sign.
Therefore, the two roots A1 < 0 and Ay < 0. Accordingly,
y(t) — 0 as t — oo. In words, y(¢) follows a monotone
convergent trajectory towards zero.

® If , there Is one continuation and one
variation of sign. Therefore, one root will be positive and the
other negative. The term with the positive root will diverge as
t — oo. Accordingly, y(¢) follows a monotone divergent
trajectory. The same argument holds if

o If , there are two variations of sign.
Therefore, the two roots A\; > 0 and Ay > 0. Accordingly, y(t)
follows a monotone divergent trajectory.
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Second-order differential equations (5)

Solving the homogeneous equation. Case 1: A > 0 (cont'd)

, one root is zero. The other root = —b;.
Accordingly, y(¢) follows a monotone divergent trajectory if
b1 < 0 and monotone convergent towards A; if b; > 0.

, both roots are equal but with different

o |f

o |f

sign. In this case y(t) follows a monotone divergent trajectory

(see Case 2).

bl bg y(t)
+ | + | + | convergent,monotone,0
- | - divergent,monotone
+ | - divergent,monotone
- |+ divergent,monotone
+ | 0 | convergent, monot, A;
- | 0 | divergent, monotone
MO 22 e 0 | - | divergent, monotone
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Second-order differential equations (6)

Solving the homogeneous equation. Case 2: A =0

® Inthiscase \j = \g = A = —1b;
® y'(t) = ¢ is a general solution of the homogeneous
equation.
® Another general solution of the homogeneous equation is
teM. To verify it compute,
e Y(t)= M 4 thet
e y'(t) = 2\eM + tA2eM
# Substituting in the homogeneous equation, we obtain
(2XeM + tA2eM) + by (€M + theM) + boteM = 0
s Rewrite it as (2 + bl)eﬁt + (N4 b+ bg)te;\t =0
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Second-order differential equations (7)

Solving the homogeneous equation. Case 2: A = 0 (cont'd)

® If te™ solves the equation, given that e # 0, it must be the

case that
2\ + b1 =0
3\2 + blj\ + by =0
s From the first condition we obtain A = —1b, (as we

already know)

s The second equation tells us that ) solves the quadratic
equation we are studying:\? + bj XA + by =0

® Therefore, y"(t) = te M is a general solution of the
homogeneous equation
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Second-order differential equations (8)

Solving the homogeneous equation. Case 2: A = 0 (cont'd)

® The two general solutions of the homogeneous equation allow
us to write the general solution of y(¢) as
yh(t) — Ale)‘t + Agte)‘t — (Al + tAQ)eAt
where A, and A, are arbitrary constants.

® Clearly, (A; +tAs) diverges as t — oo. Therefore,

o If et diverges (i.e. A > 0 implying b; < 0), then y(t) will
also diverge.

s If )\ <0(b >0),then e — 0ast— oo. The trajectory of
y(t) depends on whether the diverging force dominates to
or is dominated by the convergent force. It turns out that
the convergent force dominates and therefore y(t)
converges to zero.
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Second-order differential equations (9)

Solving the homogeneous equation. Case 2: A = 0 (cont’d)

® To verify the last trajectory, compute hmt_m(AleXt + AQtGS‘t) =
A limy_ o, M + Ag limy_ oo teM = 0 4+ As limy_ o teM =
Az limy 00 —L; = (LHOpital) = limy o0 (—Ae ™)1 =0

At

® Finally if b; = 0, then A = 0, and y(¢) diverges.

Al by | be y(t)

0 | + | £ | convergent
- | £ | divergent
0 | £ | divergent
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Second-order differential equations (10)

Solving the homogeneous equation. Case 3: A < 0

® Imaginary roots:
atif, i=+—1, a=—21b,0 = 3(|b? — 4by|)1/2.

® The solution is of the type:
yh(t) _ Ale(a—l—ie)t _|_A2€(a—z'0)t _ eat(AleiQt _|_A2€—i9t)

® Use Euler’s formula: et = cos 6t + i sin 0t to obtain
Y (t) = e [(Ay + Ag) cos Ot + (A — As)isin Ot)]

® Giventhat A; and A, are of the type ¢ +id, ¢,d € R, it follows
that
Ay + Ay =2cand A1 — Ay, = —2d: so that
y(t) = e*2[(ccos 0t + dsin Ot)]
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Second-order differential equations (11)

Solving the homogeneous equation. Case 3: A < 0 (cont'd)

® The trajectory of 3/ (¢) will be cyclical consistently with the sin
and cos functions with period 2I1/6.

® The amplitude of the cycle depends on a(= —3b1):
o Ifa>0(orb; <0),the amplitude is increasing and
y(t) — oo ast — oo.

o If a <0 (or by > 0), the amplitude is decreasing and y(t)
converges as t — oo.

o Ifa=0 (or by =0), the amplitude is constant.

A | b1 | b y(t)

- | + | £ | cycle,convergent
- | = | cycle,divergent
0 | £ | cycle,constant
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Second-order differential equations (12)

Solving the homogeneous equation. Summary
® b, > 0is necessary condition for convergence
® ), < 0is sufficient condition for divergence
® b =0,bp#0
# A > 0 divergent trajectory

» A = 0 divergent trajectory
# A < 0 constant cycle
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Second-order differential equations (13)

Particular solution of the non-homogeneous equation
® aoy’(t) + a1y’ (t) + agy(t) = g(t)  [0]
#® Solution depends on the structure of ¢(t)
Case 1: g(t) constant
® letg(t)=k, kR
® Try as solutiony(t) =s, s € R

® Theny” =4 = 0 and substituting in [0] we obtain ass = k
so that 5(t) = k/as is a particular solution.

® |Ifay =0, thentry 7(t) = st. In this case, substituting in
0], a1s = k so that 4(t)|.,—0 = kt/ay is a particular solution.

® Ifa; =as=0,try y(t) = st? to obtain () |4, —a,—0 = kt*/2ag
as a particular solution.
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Second-order differential equations (14)

Example

9

© oo o o o o b

Solve y"(t) + /' (t) — 6y(t) = 4

y'(t) +y'(t) — 6y(t) =0

Let y(t) = e, so that i/ = AeM, o/ = A2

Substituting A\2e* + \eM — 6eM = 0 or

eM(N2+ X —6) =0

Remark: 1 continuation, 1 change of sign — A1 <0,y >0
Roots: A\ =2, Ay = —3

yi(t) = Are?t + Age=3t

uuuuuuuuuuuuuuuuu
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Second-order differential equations (15)

Example (contd)
® Particular solution of non-nomogeneous equation

y'(t) +y'(t) — 6y(t) =4
Lety(t) = p
Substituting —6u =4 or p = —2/3,

so thaty(t) = —2

o o o 0 @

Solution of the differential equation:

_ 2t —3t 2
y(t) = Are” + Ase ™" — 3
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Second-order differential equations (16)

Particular solution of the non-homogeneous equation

® The particular solution is interpreted as the equilibrium value
(stationary or dynamic) of y(¢).
Computing the values of A; and A,

® ?2variables — 2 conditions
(i) the value of the function y(¢) at a particular t*, e.g.
t = Oa y(O) — Y0
(i) the value of the first derivative at that point in time ¢/(¢*)
® Substituting t*, y(t*), 4/ (t*) in the general solution we obtain

two linear equations in two unknowns (A; and As) that can be
solved.
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Second-order differential equations (17)

Example (contd)
o

® Solution of the differential equation:

y(t) = Are?t + Age 3t — 2

® Theny/(t) = 24,e%" — 3A45e
® Consider ¢t = 0 and suppose y(0) = 5. Then, y/(0) =0
® Substituting,

1 2

Z A, 4+ A, =

3 At Az 3

0 =241 — 34,

sothat A; = 2, A,

|
Ul
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Second-order differential equations (18)

Particular solution of the non-homogeneous equation
® Case 2: g(t) polynomial: g(t) = cg + c1t + cat?
® Case 3: g(t) exponential: g(t) = Be%

Same logic.
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An illustrative example

A market model

® Consider the following variant of the market model presented
under the first order differential equations:

D(p(t)) =a + bp(t)
S(p(t)) =a1 + bip(t) + mp'(t) + np”(t)

where by assumption b; > 0,6 < 0, and (a — a1) > 0.

® Assume the market is perfect in every period, so that
D(p(t)) = S(p(T)), Vt.

® Thus, the equilibrium condition is a second order differential
equation:

P () + Bl () + 2tp(t) = 45 (4]

® The equilibrium intertemporal price trajectory is the solution of

this equation.

MOVEQ U"B Barcelona S
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An illustrative example (2)

Particular solution of [¢]

® A particular solution of the differential equation [¢] is
p(t) = 5= >0

® As usual (given that it is a constant), we interpret this solution

as a stationary equilibrium.
General solution of the homogeneous equation
® The homogeneous equation is
p'(t) + 2p' () + 2p(t) = 0

n

#® The roots of the characteristic equation A\? + T\ 4 &=t =

are.

—mp (2 —gbst m /R
)\17)\2 — 5 —

2
® There are three cases: A ; 0
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An illustrative example (3)

Case1: A >0
® When A > 0, there are two real roots A\, \o.

® Then, the general solution of the homogeneous equation is
p(t) = AjeMt 4+ Agelst

Case2: A =0
® When A =0, there is a single real root A\ = Ao = .

® Then, the general solution of the homogeneous equation is
P (t) = AreM + AsteM = eM(A; + Ast) where \ = —m

Case 3: A <0
® When A <0, A\, o = a * (i, where

a=—2and = /()2 — 400

n
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An illustrative example (4)

Equilibrium trajectory

® The trajectory of p”(t) is characterized by the signs of the
coefficients of the characteristic equation.

® Applying Descarte’s rule of signs, the following table
summarizes all the posible situations

Case1: A >0
n m Signs roots trajectory
+ + +++  2negative convergent
+ - 4+ 2 positive divergent

- 4+ +-- 1pos,1neg divergent
- -  ++- 1pos,1neg divergent
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An illustrative example (5)

Case2: A =0
® Recall that the general solution of the homogeneous equation
IS

ph(t) = eM(A; + Ast) where \ = —n

® The following table summarizes all the posible situations

n A trajectory comments
+ + - convergent LHopital rule
+ - + divergent

-+ + divergent

- - - convergent LHopital rule
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An illustrative example (6)

Case 3: A <0

#® Recall the general solution of the homogeneous equation is
pl'(t) = et (A cos Ot + A, sin 0t) where

a=—12 andﬁz\/(%)2—4%

® Trajectory is oscillating with period 27 /6. The amplitude
depends on the sign of «.

® The following table summarizes all the posible situations

m o« trajectory

+ - 0sc. decreasing
+ 0SC. increasing

- + 4 0ScC. increasing

- - - 0sc. decreasing

+ + |3
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An illustrative example (7)

Solution of the 2nd-degree differential equation
#® The solution of the 2nd-degree differential equation [¢] is
p(t) = p"(t) + p(t) where g(t) = =%
® What is left is to determine the values of the constants A, As.

#® To do it we need two additional assumptions. Tipically, these
refer to the values of p(¢) and p'(t) at t = 0.

#® TJo illustrate, assume A > 0, so that the the general solution of
the homogeneous equation is

p(t) = AjeMt 4+ Agelst
o Then, p/(t) = —Al)\le)‘lt — AQ)\Q@AQt, so that
» p/(O) = _Al)\l — AQ)\Q
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An illustrative example (8)

Solution of the 2nd-degree differential equation (cont’d)
® We have a system of two equations in A; and A, as follows

p(0) = A1 + A
p'(0) = —A1 A — Aoy

whose solution is
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Simultaneous systems of differential equations

Definition

#® A simultaneous system is composed of at least two differential
equations with at least two unknown functions.

® Solvable if (i) the system has as many equations as unknowns
and (il) equations are independent and consistent.

First-order 2 x 2 systems in normal form
y'(t) =a11y(t) + a122(t) + g1(t)
2 (t) =a21y(t) + azzz(t) + g2(t)

® q,; are given constants, gs(¢) are known functions

® Strategy to solve the system
» Find a general solution of the homogeneous system
# Find a particular solution of the non-homogenous system
# Solution of the system: sum of the previous two solutions
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Simultaneous systems of differential equations (2)

Solution of the homogeneous system

y'(t) =a11y(t) + a122(t)} »
2 (t) =ag1y(t) + az(t) H

® Following the same logic as with the equations, let us try as
general solution the functions

(t) = e
’ } v

2(t) = age

where a1, ay are constant and at least one of them is not zero.
® Substituting [v] in [u] we obtain:

e =ay(t) + a2z(t) 1
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Simultaneous systems of differential equations (3)

Solution of the homogeneous system (cont’d)
® That can be rewritten as

e)‘t[(an — )\)051 —+ alg()ég] =0
} 4]

et [azlozl + (CLQQ — )\)Oéz] =0

#® The functions [v] will be solutions of the system [u] iff [¢] is
satisfied V¢, namely iff

(@11 — N)ag + ajeae =0
V2]

as10] + (azz — )\)042 =0

or in matrix form [ 411 T 412 ar) _ (Y
asi aso — A a9 0
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Simultaneous systems of differential equations (4)

Solution of the homogeneous system (cont'd)
® The system [¢2] has a solution if its determinant is zero:

ail — A a2 _ 0. or

as1 a2 — A
A2 — (a11 + a22)\ + (ar11a92 — aizaz1) = 0 [1)3]

#® This is the characteristic equation of the system |[u]

The solution of [¢3] yields two values A\; and )\

°

® Three possible cases:
o Case 1: A1 7é )\2,)\2' — R,i = 1,2
s Case2: M1 =X =M)ER
o Case3: \i=a+0i; \g=a—0i

4 ) Barcelona
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Case 1: two real and different roots

Consider first \;
® let A= )\; and substitute it in [¢/2].
® Assume (af,al) is a solution of [¢)2], and rewrite it as

(CL11 — )\1)0/ + algo/ =0
: ” C11]

az10] + (agg — A)ah, =0

where we already know that its determinant, [¢3] is zero.

® Accordingly, the equations are NOT linearly independent, and
we can only solve for o} /as

® Thus, let’s fix of = 1 and let’s determine the value of .
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Case 1: two real and different roots (2)

Consider first A1 (cont’d)
® Then [C'11] becomes

(a11 — A1) + arpah = 0}

a1 + (CLQQ — )\1)&/2 =0
® Solving for of, we obtain

A1 — aqq a1

/
Oy = =
12 Al — 499
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Case 1: two real and different roots (3)

Consider now X\
® Let A = )y and substitute it in [2].
® Assume (af, af) is a solution of [¢2]
#® Following a parallel argument as before, and letting o = 1,
we will conclude

y A2 —air a9
oh = =5
a12 2 — 22

M OVE 9 u NB s )
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Case 1: two real and different roots (4)

Conclusion
® We have two solutions of the homogeneous system |y

and
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Case 1: two real and different roots (5)

Conclusion (contd)

® Applying theorem 2 (see p.9), we can combine both solutions
introducing two arbitrary constants A; and A, to obtain as
general solution of the homogeneous system [u]

y(t) = Alo/leAlt + AQO&YG)\ﬁ}

2(t) = Alo/QeAlt + Ago/Q’eM

® Substituting the values of o, a5, of, o), the solution reads

\

y(t) = AjeMt + Aye?!

A1 — a1 Ao — aq1
2(t) = Ay eMt Ao g2t
12 12 )
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Case 1: two real and different roots (6)

Conclusion (contd)
® Alternatively, we can write the solution as

y(t) = Aje™t 4+ Ay
2(t) = AleMt 4+ Alere!

where
/
5
A_/2 ol
Ay 7
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Case 2: two real and equal roots

® let)\| =) = 5\
® |et's propose as solution of the homogeneous equation

_ eZ\t )
y(t) = (A1 + Ast) > o1

2(t) = (A} + Abt)e

where A;, A}, As, A5, are constants.
® Differentiating,

(1) = MAj + Agt)eM )

2(t)

L [022]

(A} + Ajt)eM
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Case 2: two real and equal roots (2)

® Substituting [C21] and [C22] into 1 we obtain

~

~

® Simplifying reduces to

~

()\ — all)Ag

~

()\ — CLQQ)A/Q

/_

— a9 A

L+

L+

~

_()\ — CL11)

~

_()\ — a22)

N(Ay + Agt)eN =an1(Ar + Agt)e + ara(Af + Apt)e )

A(A] + Abt)e™ =ani (Ar + Ast)e + agy(A] + Apt)e™ |

Al -+ AQ — CL12A/1

All -+ AIQ — CL21A1

0

(023]

(C24]
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Case 2: two real and equal roots (3)

#® Candidate [C'21] will be a solution if it satisfies [C'24] Vt:

~

()\ — all)Ag — CL12A/2 =0

(5\ — CL11)A1 + Ay — CL12A/1 =0
- 0
()\ — CLQQ)A/Q — CL21A2 =0

(A —ag)A] + Al —ag1 Ay =0

® Recall that by definition, A satisfies [1/3] so that

5\ — all _ a1 [025]
ai12 A — a99

elona “
nnnnnnnnnnnnnnnn SEE:

nnnnnn

OPT - p.69/89



Case 2: two real and equal roots (4)

® Solving for (A1, A}, As, AS) we obtain

\ )

A= AT g
ai12
AL =T 4, [C27
A — a99 ' '
A 1 (
— A
Al = HA +—A4, [029
ai12 ai12
1
A= T4 A, [C29)
A — a99 A — a29 J

® Observe that from [C'25] the two expressions of A} are the
same.
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Case 2: two real and equal roots (5)

® Substituting [C26] into [C'29] and using [C'25] we obtain

A — ) —
A =27y AT 4 [0210)
a2 alg()\ — a22)

® Comparing [C28] and [C'210], it follows that they are
compatible iff

~

1 o A — ail
a2 CL12(5\ — CLQQ)
or
v a11 T a2
\ =
2

#® in which case [C21] will actually be the solution of the
homogeneous equation |y
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Case 3: complex roots

® we neglect this case

Mf VEQ U"B Barcelonal
J::’;*:ﬁ::ﬁ:zl::‘;z":. U s S o OPT —p.72/89



Particular solution of the non-homogeneous system

® Assume g;(t) = by and g»(t) = bo, with b1, b5 € R
® Then the system of differential equations becomes

y'(t) =an1y(t) + aiaz(t) + b1}
(G1]
Z/(t) :agly(t) -+ azgz(t) + bo

® Consider the following particular solution

(t) =B
() :BZ} &2

<

N

where By, B> € R
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Particular solution of the non-homogeneous system (2)

® Substituting [G2] into [G'1] and simplifying yields

a11B1 4+ a12B2 = —b; G
a21B1 + agaBs = —bs

® Solving for B; and By we obtain,

—b b
By = 1a22 + 02019

11022 — 412021

—b b
By — 2a11 + b1a21

a11a22 — 12021

® Finally to determine A; and A,, we need to introduce some
“initial” conditions y(0), z(0).

elona 5
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An illustrative example

9

9

Consider a firm setting the price of its product p(t)
dynamically to reflect demand. Also, it looks after maintaining
a low level of inventory I(t) (to reduce overall cost).

Think of the state of demand as being approximated by the
level of inventory.

the level of inventory is determined be the excess of
production.

Assue that we can summarize all this information in the
following system:

Note that this is directly a homogeneous system of linear
first-order differential equations:
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An illustrative example (2)

p(t) = 3p(t) +4I(t) = 0}
|[Ex1]
I'(t) — 4p(t) + TI(t) = 0

® |et's consider the following solution candidate

p(t) = ae
I(t) = age™ B2

® 5o that
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An illustrative example (3)

® Substituting [Fx2] and [Ex3] into [Ex1]| and simplifying, we
obtain
(a1 \ — a1 + dap) = O}

eAt(ag)\ —4da1 + Tag) =0

® Implying

041()\ — 3) + 49 = 0
|Ex4]
—4ay +a(A+7) =0

® orin matrix form

(5 ()-6) e
—4 A+ 7 %) 0
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An illustrative example (4)

® Compute

A—3 4
-4  A+7T

0 N +4\N—5=0

#® This is the characteristic equation that has as solutions
A =1and Ay = -5

#® Note that at these values \; and A\ the equations in [Ez4] are
linearly
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An illustrative example (5)

® Consider A = )\
® Substitute \; in [Ex4] so that

—2a +4a5 =0
—4af + 8a5 =0

® As they are linearly dependent, we can only solve for o, /.
® Thus, fix of = 1 and solve for af,.
® We obtain o), = 1/2
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An illustrative example (6)

® Consider A = )\,
® Substitute \s in [Ex4] so that

—8a +4al =0
—4af + 205 =0

¥
® Thus, fix of = 1 and solve for «,.
® We obtain ag = 2

|

As they are linearly dependent, we can only solve for of,/a].
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An illustrative example (7)

#® Recovering [Ez2| we have two solutions

p(t) = aye™ — p(t) =€ )
1. ¢
I(t) = aheMt — I(t) = §et

/

and
p(t) = afe?t — p(t) = e }

I(t) = ofet — I(t) =2

® combining both solutions (recall Thm 2)

p(t) = Arel + Age ™™

1
I(t) — Ay §6t + A226_5t

/

M/ VE? U"B
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An illustrative example (8)

® TJo solve for A; and A, assume
p(0) =1(0)=1  [ExT]
#® Evaluating [Ex6] at ¢ = 0 and substituting [Ex7] in, we obtain

1=A1 + Ay )

1
1=A4;— + A2
2 )

® sothat A; =2/3and Ay, =1/3.

& Finally,
2 1 )
£ — 2ot 4 =5t
p(t) 36 + 36 |
_ L, 2 5
I(t) — g@ —|—§€ )
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Phase diagrams

Introduction

#® Qualitative info of trajectory of y(t)

9

First-order differential equations

® Two cases: y/'(t) = f(y), and ¢/ (t) = f(x,y)
® where f need not be a linear function

Case
9

1 y/(t) = f(y)
Plot 4/ (¢) in the space ¢/, y

® Above the horizontal axis /() > 0. That is, y increases with
time. Graphically, y moves from left to right

9

Below the horizontal axis 3/(¢) < 0. That is, y decreases with

time. Graphically, y moves from right to left

9

Existence of solution: ¢'(¢) = 0 locus of potential solution
values of y(t).
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Phase diagrams (2)

Stable equilibrium

Unstable equilibrium

® Positive slope phase curve: unstability
® Negative slope phase curve: stability
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Phase diagrams (3)

lllustration
@ y'=y-3
® y=0cy=3
® slope phase curve: dy’'/dy = 1 > 0 — unstable (divergent)
#® Solution of the differential equation (with ¢(0) = 0):

y(t) = 3(1 —¢€') 20 o

(b) ¥ =1- 3y
® J=0cy=2
#® slope phase curve: dy'/dy = —3 < 0 — stable
(convergent)
#® Solution of the differential equation (with y(0) = 0):

y(t) = 2(1 — e~t/2) 122 9
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Ph '
ase diagrams (4)

(b)\
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(b)

(a)

M
JVE? UMB eSS
deliarteluunnm S = i
\\\y@)
OPT - p.86/89



Phase diagrams (5)

Case 2: y'(t) = f(z,y)
® Consider the system 2/(t) = f(z,y), (¢ )
#® Find locus of potential equilibria: z'(t) = 0,vy'(t) = 0

N——"
|
S
/X
S
N

|
=
&

2'(t) =04 f(z,y) =0 =y
y(t) =0 g(z,y) =0—y=j(x)

® if f, § cannot be obtained; apply implicit function theorem

s slope of 2'(t) = 0is F|—o = — 4
o slopeofy/(t)=0is % 0 = _g_x
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Phase diagrams (6)

lllustration
® Suppose f; <0, f, >0,g, >0,g, <0
Then 2/(t) and ¢/(t) have positive slope

o

® Suppose also —%= > — L&
Yy Yy

o

Then phase curves x/(t) = 0 and ¢/(¢t) = 0 will intersect (at
least) once.

Note f, = 0f/0x = 0x'/0x < 0. Then,
o 1’ < 0 below the phase curve 2/ =0
o 2’ > 0 above the phase curve 2/ =0

® Note g, = dg/0y = 0y'/dy > 0. Then,

o 1y < 0 above the phase curve ¢y =0

o 1y’ > 0 below the phase curve vy =0

°

® Four regions. See figure
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Phase diagrams (7)

Yy A
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